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Introduction
Ideal extension for semigroups was studied by Clifford and
Preston in [2]. Afterward, ideal extension for topological
semigroup was considered by Chiristoph in [3]. He showed
that if S and T are two disjoint topological semigroups such
that T has a zero, then H ¼ T [ ð0  SÞ is an ideal
extension of S by T where T ¼ fðt; f ðtÞÞ : t 2 T n f0gg:
Now, the natural question is: if H is an ideal extension of
topological semigroup S by T and H0, S0 and T0 are com-
pactifications of H, S and T respectively, can H0 be natu-
rally characterized by S0 and T0? In this paper we
investigate ideal extension for topological semigroups
using congruences of semigroups, then we apply this
method to characterize compactification spaces of this
structure.
Preliminaries
Throughout, we use the notations introduced in [1]. For
terms which are not introduced here, the reader may refer
to [1, 2, 5, 6]. Let BðSÞ be the C*-algebra of all bounded
complex valued functions on S, F be a unital C*-subalge-
bra ofBðSÞ; SF be the set of all multiplicative means onF
and e : S ! SF be the evaluation mapping. F is called m-
admissible if TlðFÞ F for all l 2 SF; where Tl(-
f)(s) = l(Ls(f)), s [ S, f 2F: Now, SF with the Gelfand
topology and multiplication lmðf Þ ¼ lðTmðf ÞÞ; l; m 2 SF is
a compact Hausdorff right topological semigroup. Also if
(w, X) is a compactification of S, then w*(C(X)) is an m-
admissible subalgebra of C(S). Conversely, if F is an m-
admissible subalgebra of C(S), then there exists a unique
(up to isomorphism) compactification (w, X) of S such that
wðCðXÞÞ ¼F: The compactification corresponding to the
m-admissible subalgebra F is ðe; SFÞ and eðCðSFÞÞ ¼
F: A compactification with a given property P is called a
P-compactification. A universal P-compactification of S is
a P-compactification of which every P-compactification
of S is a factor. Universal P-compactifications, if they
exist, are unique (up to isomorphism). We denote the
universal P-compactification of S by SP:
Compactifications of ideal extensions of semigroup
In this paper S and T* = T - {0} are semigroups with
identities 1S,1T respectively.
By a partial homomorphism we mean a mapping A 7! A
of T* = T - {0} into S such that AB ¼ AB; whenever
AB = 0 and 1T ¼ 1S: It is known that a partial homo-
morphism A ! A of the semigroup T * into S determines an
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extension X of S by T as follows. For A, B [ T and
s, t [ S,
ðP1Þ AoB ¼ AB if AB 6¼ 0
AB if AB ¼ 0

ðP2Þ Aos ¼ As; ðP3Þ soA ¼ sA; ðP4Þ sot ¼ st:
and every extension can be so constructed [2, 4.19].
Let S and T be disjoint topological semigroups, with
T having a zero element 0. A topological semigroup X is
called an ideal extension of S by T if X contains S as an
ideal and the Rees factor semigroup X
S
is topologically
isomorphic to T. The existence of ideal extension of
topological semigroups was expressed in [3]. In the next
Theorem we introduce the ideal extension of topological
semigroups using congruences technique on semigroups
which is our main tool in the following.
Theorem 1 Let S and T be disjoint topological semi-
groups such that T has a zero and X be ideal extension of
S by T. Then there exists a congruence q on X such that
X
q ’ XS ’ T:
Proof We regard X X with the product topology. Let s
be the equivalence relation generated by fðu; su0Þ j s 2
S; u; u0 2 Xg and q
X
¼ fðx; yÞ 2 X  X j ðuxv; uyvÞ 2
s; for all u; v 2 Xg: By Proposition 1.5.10 [5], q
X
is the
largest congruence on X  X contained in s. We use the
techniques of Proposition 8.1.8 [5] to show that if u1qXu2;
then u1 = u2 or there exists s 2 S such that u1 = su2. Since
X is a topological semigroup, q
X
is closed congruence on
X: Thus, Xq
X
is a topological semigroup with quotient
topology. Let p : X ! Xq
X
be the natural quotient map. If
v 2 kerðpÞ ¼ ½1q
X
; then v = s.1 = s. Hence, kerðpÞ ¼





Let S and T be disjoint topological semigroups such that
T has a zero and X be an ideal extension of S by T. Let
(w, X) be a topological semigroup compactification of X
and s
X
be the equivalence relation generated by
fðx; wðsÞyÞ j x; y 2 X; s 2 Sg and q
X
be the closure of the
largest congruence on X 9 X contained in s
X
: We fixed
these notations for the rest of this paper. h
Theorem 2 Let S, T be disjoint topological semigroups such
that T has a zero and X be an ideal extension of S by T. Let




is a topological semigroup compactification of X
S
’ T:
Proof Let r1qXr2; then wðr1ÞqX wðr2Þ: Thus w preserves
congruence. This implies that there exists a continuous homo-




such that p^  w ¼ w^  p; where p :
X ! Xq
X
; p^ : X ! Xq
X
: Since qX is closed and X is a compact
Hausdorff topological semigroup, Xq
X
is a compact Hausdorff
topological semigroup. We have w^ Xq
X
 
¼ w^op ðXÞ ¼
p^owðXÞ  p^ðwðXÞÞ ¼ p^ðXÞ ¼ Xq
X










a topological semigroup compactification of Xq
X
’ T : h
Theorem 3 Let S and T be disjoint topological semi-
groups such that T has a zero and X be an ideal extension of
S by T. Let ðeT ; TPÞ and ðeX; XPÞ be the universal P-
compactifications of T and X respectively. Then TP ’ XPq
XP
if
1. P is invariant under homomorphism,
2. universal P-compactification is a topological
semigroup.





is a compactification of
X
S
’ T : By universal property of P-compactification
ðeT ; TPÞ of T [1, 1.4.10], there exists a continuous homo-
morphism /1 : T
P 	! XPq
XP
such that u1  eT ¼ e^X : Also
homomorphism g ¼ eT  p : X ! XS ’ T ! TP provides a
continuous homomorphism u2 : X
P 	! TP such that u2 
eX ¼ g: Let r^1q
XP
r^2 (r^1; r^2 2 XP). Choose nets {ua}, {va}
in X such that lima eXðuaÞ ¼ r^1; lima eXðvaÞ ¼ r^2. We have
r^1 ¼ s^r^2; where s^ ¼ eXðsÞ for some s [ S. Thus,
u2ðr^1Þ ¼ u2ðs^r^2Þ ¼ u2ðeXðsÞ lima eXðvaÞÞ
¼ lim
a







Then, u2 preserves congruence. Thus there exists a




	! TP such that




: We show that







; then we can find a net
frag in X such that lima eXðraÞ ¼ t: we have
u1ou3ðpXP ðtÞÞ ¼ u1ou2ðtÞ ¼ lima u1ou2ðeXðraÞÞ
¼ lim
a
u1ogðraÞ ¼ lima u1oeT opðraÞ
¼ lim
a





eXðraÞÞ ¼ pXP ðtÞ:
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Corollary 1 Let X be an ideal extension of topological
semigroup S by topological semigroup T. Let
ðes; SsapÞ; ðeX; XsapÞ [resp. ðes; SapÞ; ðeX; XapÞ be the
strongly almost periodic compactifications [resp. almost
periodic compactifications ] of S and X; respectively. Then
T sap ’ Xsapq
Xsap
[resp. Tap ’ Xapq
Xap






Example 1 Let S ¼M0ðG; P; I; JÞ be the Rees matrix
semigroup where G is a topological group, I and J are
arbitrary nonempty sets and P = (pji) is a J 9 I matrix
with entries in G0 = G[{0}. In [7], it is shown that there is
a continuous partial homomorphism h : S ! G; then there
exists an extension X of G by S and X
G
’ Xq ’ S where
q
X
¼ fðu; vÞ 2 X  X j u ¼ gv for some g 2 Gg: Also,
Sap ’ Xapq
Xap
and Ssap ’ Xsapq
Xsap
h
Theorem 4 Let S and T be disjoint topological semi-
groups such that T has a zero and X be ideal extension of
S by T. Let (wS, XS) and (wT, XT) be topological semigroup
compactifications of S and T, respectively, such that XS \
XT = ;. Then the following assertion holds.
(a) Ideal extension XX of XS by XT exist.
(b) Topological center KðXÞ is an ideal extension of
KðSÞ by KðTÞ:
(c) ðwX; XXÞ is a topological semigroup compactification
of X where w
X
jT ¼ wT ; wX jS ¼ wS:
Proof (a) First, we note that if 0 be zero element of T,
then wT (0) is zero element of XT. It is enough to show that
there is a continuous partial homomorphism h^ : XT ¼
XT 	 f0g ! XS: Let xT 2 XT then there exists net {ua } in
T such that wTðuaÞ ! xT : Now fwS  hðuaÞg is a net in XS
and by compactness of XS, there exists xs 2 XS such that
wS  hðuaÞ ! xS: Let h^ : XT ! XS by h^ðxTÞ ¼ xS: Obvi-
ously, h^ is well defined. Suppose xT ; yT 2 XT and
{ua}, {va} are nets in T such that limaðwS  hðuaÞÞ ¼ h^ðxTÞ








Clearly, h^ is continuous. Thus by Theorem 1, ideal
extension XX of XS by XT exist.
(b) Obviously, KðTÞ \ KðSÞ ¼ ;: Define h0 : KðTÞ ¼
KðTÞ 	 f0g ! KðSÞ by h0ðktÞ ¼ khðtÞðt 2 TÞ: Now h0 is a
continuous partial homomorphism then there exists an
ideal extension x of KðSÞ by KðTÞ: Let kr 2 KðXÞ: Then,
if r 2 S so kr 2 KðSÞ and if r 2 T so kr 2 KðTÞ: Thus
KðXÞ  x: Obviously, x  KðXÞ: Then KðXÞ ¼ x:
(c) By (a) ideal extension XX of XS by XT exist. Suppose
x 2 XX ¼ XS [ XT ; then there exists fuag 2 X ¼ S [ T
such that w
X










jTðTÞ ¼ wTðTÞ  KðXTÞ
Now by (b), w
X
ðXÞ  KðXXÞ:
The following theorem shows that topological semi-
group compactifications of S and T can be constructed by
topological semigroup compactification of their ideal
extension. h
Theorem 5 Let S and T be disjoint topological semi-
groups such that T has a zero and X be an ideal extension
of S by T. Suppose ðwX; XXÞ is a topological semigroup
compactification of X: Then there are topological semi-
groups compactifications (wS, XS), (wT, XT) of S and T,
respectively, such that XX is an ideal extension of XS by XT.
Proof Set wS ¼ wX jS: S ! XX and wSðSÞ ¼ XS: It is
clear that XS  XX is a compact topological subsemigroup
of XX and wðSÞ  KðXSÞ: Thus (wS, XS) is a topological
semigroup compactification of S . Now we show that for
every x; x0 2 XX; ðxXSÞðx0XSÞ  x00XS for some x00 2 XX:
Let g [ (xXS)(x0XS) then there exist nets {ua}, {va} in X
and u1,v1 in XS such that g ¼ lima wXðuaÞu1wXðvaÞv1: Also
there exist nets {sa}, {ta} in S such that lima wSðsaÞ !







On the other hand, X
S
’ T so for every a; b 2 X; there exists
c 2 X such that aS.bS = cS. Thus for every a, there exists
fwag 2 X and qa 2 S such that uasavata = wa qa. The
compactness of XX and XS allows us to assume g = x
00 q00
for some x00 2 XX; q00 2 XS: This implies that XXXS is
semigroup. Also, XX
XS
is compact topological semigroup [1,
1.3.8]. Let XT ¼ XXXS ; then XX is a topological extension of
XS by XT. Let t 2 T ’ XS then t ¼ pðrÞ for some r 2 X:
Define wT : T ! XT by wðtÞ ¼ p0  wXðrÞ where p0 :
XX ! XXXS ¼ XT : It remains to show that (wT, XT) is a
topological semigroup compactification of T . We have
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Compactification of Brant k-extensions
An important class of semigroups which has been consid-
ered from various points of view is completely 0-simple
semigroup and Brandt k-extension [see 2, 4, 5, 6, 7, for
instance]. In this section we use topological extension
technique to characterize compactification spaces of Brandt
k-extension.
Let G0 = G [ {0} [resp. G] be a group with zero [resp.
group] and, E and F be arbitrary nonempty sets. Let P be a
E 9 F matrix over G0 [resp. G]. The set
S = G 9 E 9 F [ {0} [resp. S = G 9 E 9 F] is a
semigroup under the composition
ði; a; jÞ  ðl; b; kÞ ¼ ði; apjlb; kÞ if pjl 6¼ 0
o otherwise

This semigroup is denoted by S = M(G, P, E, F) and is
called Rees E 9 F matrix semigroup over G0 [resp. G]
with the sandwich matrix P.
In the special case, if P = I is an identity matrix,
S = G0 is semigroup with zero, and E = F = Ik is a set of
cardinality k C 1. Define the semigroup operation on the
set Bk(S) = M(S, I, Ik, Ik) by
ði; a; jÞ  ðl; b; kÞ ¼ ði; ab; kÞ if j ¼ l
0; if j 6¼ l

and (i, a, j).0 = 0.(i, a, j) = 0.0 = 0 for all a; b 2
S; i; j; l; k 2 Ik: The semigroup Bk(S) is called Brandt k-
extension of S [4]. Now let i ! ui and j ! vj be mappings
of E and F to S such that uk:uk ¼ 1S; 8k 2 k: Then mapping
h : BkðSÞ ¼ BkðSÞ 	 f0g ! S by h (i, s, j) = uis uj is a
partial homomorphism.
Let S be a topological semigroup with zero and Brandt
k-extension of S , Bk(S) be equipped with product topology
then Bk(S) is a topological semigroup. Now h : BkðSÞ ¼
BkðSÞ 	 f0g ! S ¼ S 	 f0g by h (i, s, j) = uis uj is a
continuous partial homomorphism. Then there exists an
ideal extension X of S by Bk(S) and XS ’ BkðSÞ:
The following Corollaries are immediately results of
Theorems 3.4, 3.5, 3.6.
Corollary 2 Let S be a topological semigroup with zero
and X be an ideal extension of S ¼ S 	 f0g by Bk(S). Let
(w , X) be a topological semigroup compactification of
topological semigroup X: Then, Xq
X
is a topological semi-
group compactification of Bk(S).
Corollary 3 Let S be a topological semigroup with zero
and X be an ideal extension of S ¼ S 	 f0g by Bk(S).
Suppose ðeBkðSÞ; BkðSÞPÞ and ðeX; XPÞ are the universal P-




1. P is invariant under homomorphism,
2. universal P-compactification is a topological
semigroup.
Corollary 4 Let S be a topological semigroup with zero
and X be an ideal extension of S ¼ S 	 f0g by Bk(S). Let
ðeBkðSÞ; BkðSÞsapÞ [resp. ðeBkðSÞ; BkðSÞapÞ and ðeX; XsapÞ
[resp. ðeX; XapÞ be the strongly almost periodic compac-
tifications [resp. almost periodic compactifications] of
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